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The  purpose  of  this  paper, ^  to  be  submitted  to  the  "Topologie  Structural" 
published  by  the  School  of  Architecture  at  Quebec,  is  to  show  by  means  of 
three  examples,  that  some  theorems  of  3-‘dimensional  Geometry  suggest 
esthetically  promising  outdoor  sculptures*  The  first  two  examples  are 
obtained  by  the  Harmonic  Analysis,  i*e.  the  Finite  Fourier  Series,  applied  to 
an  arbitrary  shew  hexagon  in  Rf  The  third  example  of  a  geometric  outdoor 
sculpture  is  furnished  by  an  Anti-cylinder,  "nie  author  hopes  that  some 
architect  will  notice  this  paper  and  build  an  outdoor  sculpture  based  on  one 
of  the  three  exanqples  given  here. 
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SIGNIFICANCE  AND  EXPLANATION 


The  paper  tries  to  show  that  some  theorems  of  3-dlmenslonal  Geometry  do 
suggest  outdoor  sculptures  that  are  esthetlcally  satisfying  and  also  appealing 
to  non-mathematicians.  Three  examples  of  such  theorems  are  given  and 
illustrated  in  Figs.  1,  2,  and  3. 
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OUTDOOR  SCULPTURES 


I.  J.  Schoenberg 

Outdoor  sculpturea  have  a  long  history^  from  ancient  Egypt  and  Greece,  to 
Michelangelo,  Henri  Moore  and  Picasao,  not  to  forget  their  uae  to  inspire  religious 
feelings-  Using  three  exaaiples,  I  wish  to  show  here  that  some  theorems  of  3-dimensional 
Geometry  may  lead  to  outdoor  sculptures  that  might  also  appeal  to  the  esthetic 
laMginatlon  of  non-atathematlcal  beholders,  this  appeal  being  the  main  point.  Of  course, 
a  mathematical  understanding  of  their  construction  would  enhance  their  appreciation, 
just  as  religious  feelings  magnify  the  Manlng  of  a  religious  work  of  art,  whether  it  is 
a  sculpture,  a  painting,  or  a  musical  ccmposition. 

Our  three  exas^les  are  illustrated  in  Figs.  1,  2,  and  3,  respectively,  but  these  do 
not  do  them  justice,  because  they  are  2-dimenalonal  representations  of  3-dlBiensional 
figures.  Much  aore  suggestive  are  the  three  models  made  by  the  author,  of  about  tvo  to 
three  feet  in  diaawter.  These  models  suggest  that  similar  constructions  made  of 
anodised  aluminum  tubing,  of  from  15  to  20  feet  in  site,  would  provide  attractive 
outdoor  sculptures  of  general  appeal. 

Exasiples  1  and  2  (fSl,2)  are  based  on  the  Harmonic  Analysis,  i.e.  the  Finite 
Fourier  Series,  of  a  skew  pentagon,  and  a  skew  hexagon,  respectively.  Example  3 
represents  a  novel  figure  called  an  Anti-cylinder. 

^  In  spite  of  the  rigid  geometric  restrictions  implied  by  our  theorems,  the 
constructor  is  left  with  some  free  choices  characteristic  of  works  of  art;  In  Figures  1 
and  2  it  is  the  choice  of  the  shapes  of  the  pentagon  and  hexagon:  Order  out  of  chaos. 

In  Example  3  it  is  ulnly  the  orientation  of  the  Figure. 

1.  Douglas'  Skew  Pentagon.  About  35  years  ago  Jesse  Douglas,  of  Plateau  Problem 
fame,  discovered  the  following  beautiful 
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Theorem  1«  Let 

n  -  (Zq,  z^,  Zj,  Z3,  z^) 

be  an  arbitrary  skew  pentagon  in  viewed  as  a  vector  space 


„2  ,,2  ,2  ,2  .2  .2 

It  -  (fjj,  fj,  fj, 

Is  a  plane  pentagon  and  Is  an  affine  Image  of  a  star-shaped  regular  pentagon  (Fig.  1). 
See  [1]  and  [2}.  Also  [3,  Chap.  9.  Sections  1  to  3]. 

Theorem  1  Is  not  difficult  to  prove,  but  was  not  easy  toClscover.  It  seems  that 
Douglas  never  built  a  model  In  Illustrating  his  Theorem  1.  The  author  constructed 

such  a  model  and  showed  It  to  the  late  Allen  McMab,  a  former  director  of  the  Chicago  Art 
Institute.  McNab  placed  the  model  as  In  Fig.  1  and  said  that  It  would  make  a  fine 
outdoor  sculpture.  It  tfould  suggest  the  superstructure  of  a  sailing  ship. 

2.  The  Skew  Hexagon.  From  the  skew  pentagon  we  now  pass  to  a  skew  hexagon.  This 
has  three  harmonic  components;  however,  the  last  two  components  are  trivial;  The 
second  component  Is  a  triangle  described  twice,  and  the  third  Is  a  segment  described  six 
times.  For  this  reason  we  construct  only  the  first  harmonic  component  which  is  an 
affine  Image  of  a  regular  hexagon.  Its  construction  Is  described  by  our 
Theorem  2 .  Let 


We  define  the  new  hexagon  11 


are,  respective! 


but  have  double  their  respective  lengths,  and  have  comnon  midpoints  with  them 


With  '  we  define  our  last  hexagon  IT^  »  (w^^)  ^ 

n  s  w,  “  Z.+  4  (y  -  Z.) 
w  k  k  3  k  k 

Since  la  a  median  of  the  triangle  '  we  may  also  write 

''k  =  3‘Wl*Vl>  ' 

showing  that  Wj^  Is  the  centroid  of  the  triangle  *k+i  * 

The  final  result:  The  hexagon  n  Is  In  a  plane  it  and  Is  In  *  an  affine  Image 


of  a  regular  haxagon.  (Fig.  2). 

In  Fig.  2  the  arbitrary  hexagon  Is  drawn  with  full  lines.  The  model 

constructed  by  the  author  looks  like  a  large  Insect  (Fraying  Mantis?)  or  a  bird.  A 
proof  of  Theorem  2  follows  readily  from  the  finite  Fourier  series  for  the  sixth  roots  of 
unity. 

3.  The  Anti-cylinder.  Everybody  knows  what  a  cylinder  Is,  one  of  the  Important 
figures  of  Solid  Geometry.  It  has  a  bottom-circle  and  an  equal  top-circle,  both  having 
a  common  axis.  Its  lateral  surface  Is  made  of  Infinitely  many  straight  segments,  all  of 
equal  length,  which  are  the  generatrices  of  the  cylinder.  Each  generatrix  cuts  each  of 
the  two  circles  at  right  angle  (90  ).  But  what  Is  an  anti-cylinder? 


The  final  result:  The  circles  F  and  F*  have  an  infinity  of  common  normals  all 


of  the  same  length  =  c  .  These  are  the  generatrices  of  the  anti-cylinder. 

Fig.  3  shows  16  generatrices  of  the  anti-cylinder.  See  [4]  where  Theorem  3  is 
established  without  mentioning  the  name  anti-cylinder.  A  final  remark;  Let  T(F,c) 
denote  the  torus  enveloped  by  a  moving  sphere  of  radius  c  whose  center  describes  the 

r.. 

circle  F  .  It  is  observed  in  the  first  two  paragraphs  of  15]  that  the  circle  F'  of 
Theorem  3  is  identical  with  one  of  the  Vlllarceau  circles  of  the  torus  T(F,c)  .  The 
anti-cylinder  of  Fig.  3  could  be  set  up  in  a  children's  playground,  the  children 
climbing  around  the  figure  using  its  generatrices. 

For  his  model  of  Fig.  3,  the  author  chose  in  Theorem  3  the  values  a  =  10  cm  , 
c  =  6  cm  ,  the  corresponding  value  of  the  angle  a  ,  obtained  from  sin  a  =  c/a  , 


being  a  =  36  .8699 
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